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Abstract
By establishing that Palatini formulation of L(R) gravity is equivalent to ω = −3/2 Brans-
Dicke theory, we show that energy-momentum tensor is covariantly conserved in this type of
modified gravity theory.
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Nonlinear gravity theory of the L(R) form has received a lot of discussion due to
their cosmological implications in early (see, e.g., Ref.[1] for a review) and current
Universe [2]. Generally, L(R) gravity has two inequivalent formulations. One is the
metric formulation in which the metric tensor is viewed as the only dynamical variable
in the gravitational Lagrangian. The other one is the Palatini formulation in which
the metric and the connection are viewed as independent dynamical variables.
Recently, Carroll et al. [2] have proposed adding a 1/R to the Einstein-Hilbert
action to explain the cosmic acceleration without dark energy (see Refs.[3, 4, 5, 6] for
subsequent discussions). In Ref.[2], the 1/R gravity is considered in the metric for-
mulation. However, there are at least two good motivations to consider the Palatini
formulation of 1/R gravity [7, 8, 9, 10, 11, 12, 13] rather than the metric formulation.
First, for general L(R), the field equation in the metric formulation is fourth-order
and this will cause serious instability problem in 1/R gravity [4]. In Palatini formu-
lation, such instability problem is avoided [8] (Note , however, that in generalizations
of 1/R gravity which includes R2 or lnR terms as were shown in Refs.[14, 15], such
instability is absent even in the metric formulation). Second, Chiba [3] has shown that
metric formulation of 1/R gravity is inconsistent with current solar system experimen-
tal constraint on Brans-Dicke theory. In Palatini formulation, now we believe that it
is consistent with solar system experiments [9, 10] (see also discussion at the end of
this note). Finally, it is also interesting to note that the concept of minimal curva-
ture in metric formulation of 1/R gravity [16] extends straightforwardly to Palatini
formulation.
When considering the L(R) gravity, an important question is “whether energy-
momentum tensor is covariantly conserved”. In the metric formulation of the L(R)
gravity, after some debates [17], it is finally established that energy-momentum tensor
is conserved for any form of L(R) and from this follows a “ generalized Bianchi Identity”
[18].
Recently, in Ref.[11], by expanding the field equation to first order, it is shown that
in the Palatini formulation of the 1/R gravity [2], the energy-momentum tensor is not
covariantly conserved. It is then important to ask whether this is just the result of the
perturbation expansion or a true feature of the full theory. In this note, by establishing
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the equivalence between the Palatini formulation of the L(R) gravity and the ω = −3/2
Brans-Dicke theory, we show that energy-momentum tensor is covariantly conserved
in Palatini formulation of L(R) gravity.
When handled in Palatini formulation, one considers the action to be a functional
of the metric g¯µν and a connection ▽ˆµ which is another independent variable besides
the metric. The resulting modified gravity action can be written as
S[g¯µν , ▽ˆµ] =
1
2κ2
∫
d4x
√−g¯L(Rˆ) + Sm , (1)
where we use the metric signature {−,+,+,+}, κ2 = 8piG, Rˆµν is the Ricci tensor of
the connection ▽ˆµ, Rˆ = g¯µνRˆµν and Sm is the matter action.
The field equations follow from varying the action (1) with respect to g¯µν ,
L′(Rˆ)Rˆµν − 1
2
g¯µνL(Rˆ) = κ
2Tmµν (2)
where Tmµν ≡ (−2/
√−g¯)δSm/δg¯µν is the matter energy-momentum tensor. Also, by
requiring a stationary action with respect to variations of the connection ▽ˆµ, the
latter turns out to be the Christoffel symbol of the metric gˆµν = L
′(Rˆ)g¯µν .
In Ref.[9], Flanagan has shown that the above action is conformally equivalent to
S˜[g˜µν ,Φ] =
∫
d4x
√
−g˜[ R˜
2κ2
− V (Φ)] , (3)
where
g¯µν = exp(−2κΦ/
√
6)g˜µν . (4)
Defining φ by the equation Φ =
√
6/(2κ) lnL′(φ), then V (Φ) is defined through φ
by
V =
φL′(φ)− L(φ)
2κ2L′(φ)2
. (5)
Transforming the action (3) back to the Jordan frame by Eq.(4) and make a field
redefinition ψ =
√
6 exp(κΦ/
√
6)/κ, we find that action (1) is equivalent to
S[g¯µν , ψ] =
∫
d4x
√−g¯[ψ
2
6
R¯ +
1
2
(∇¯ψ)2 − Vψ(ψ)] , (6)
where Vψ =
κ4
36
ψ4V (
√
6
κ
ln( κ√
6
ψ)). This is very similar to the Induced gravity model
with ξ = 1/3 with the exception that the sign of the kinetic term of the field ψ is
opposite to the usual case.
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Making a further field redefinition ϕ = ψ2/6, the above action can be rewritten
exactly as the ω = −3/2 Brans-Dicke theory with a potential Vϕ(ϕ),
S[g¯µν , ϕ] =
∫
d4x
√−g¯[ϕR¯ + 3
2ϕ
(∇¯ϕ)2 − Vϕ(ϕ)] , (7)
where Vϕ = Vψ(
√
6ϕ).
As an example, for the 1/R gravity [2], L(Rˆ) = Rˆ−α2/3Rˆ, the potential Vϕ is given
by
Vϕ =
α√
3κ2
(κ2ϕ− 1)1/2 . (8)
Thus the field equations (2) of L(R) gravity in Jordan frame can be rewritten in
the form,
R¯µν − 1
2
g¯µνR¯ = − 3
2ϕ2
[∇¯µϕ∇¯νϕ− 1
2
g¯µν∇¯λϕ∇¯λϕ] + 1
ϕ
[∇¯ν∇¯µϕ− g¯µν∇¯2ϕ]
+g¯µν
V (ϕ)
2ϕ
+
8pi
ϕ
Tmµν , (9)
and
−2V (ϕ) + ϕV ′(ϕ) = 8piTm . (10)
Now, by the well-known result that energy-momentum tensor is covariantly con-
served in Brans-Dicke theory (with a potential), or can be checked explicitly using
Eqs.(9) and (10) (this would be extremely tedious using Eq.(2), but rather straight-
forward using the equivalent formulation (9) and (10) ), we conclude that energy-
momentum tensor is covariantly conserved in Palatini formulation of L(R) gravity, i.e.
∇¯νTmµν = 0. From this follows a “generalized Bianchi Identity”:
▽¯µ
[
L′(Rˆ)Rˆµν − 1
2
L(Rˆ)g¯µν
]
= 0 , (11)
where Rˆµν and Rˆ are the Ricci tensor and Ricci scalar constructed from the connection
Γˆ which is the Christoffel symbol with respect to the metric L′(Rˆ)g¯µν . This identity
holds independently of the form of L(Rˆ).
In the light of this, we wonder if in the expansion performed in Ref.[11] the terms
neglected could provide a contribution that would ratify the conservation of the energy-
momentum tensor. A more careful analysis reveals that, in fact, the higher order
derivatives of L(Rˆ) contribute with terms of order κT/α and therefore must be taken
into account.
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Let us consider the dust case where pm = 0 and ρm = T . With the ansatz T˙ =
−βHT , where, for the moment, β is kept undetermined, we obtain that the higher
order derivative terms yield the contribution:
H
L˙′
L′
≈ βκT
48
,
L¨′
L′
≈ −β2κT
48
. (12)
Taking the contributions (12) into account, the energy density and pressure of the
modified energy-momentum tensor of the sources (as defined in Ref.[11]) read:
ρ =
α
4κ
+ (11− β)ρm
16
, (13)
p = − α
4κ
+ (β + 1)(3− β)ρm
48
. (14)
Now, from ρ˙+ 3H(ρ+ p) = 0, (13) and (14) it follows that β = 3 and
ρ˙m + 3Hρm = 0 , (15)
and therefore the energy-momentum conservation is not spoiled.
Thus, by treating the 1/R gravity model in a perturbative form we conclude that
in the late Universe limit its dynamics reduces to that of Standard GR with ρ =
ρm/2+α/4κ and p = −α/4κ, that is, a dust-filled Universe with a cosmological constant
α/4κ, where the coupling of the geometry with matter is reduced by a 1/2-factor.
In sum, we established the equivalence between Palatini formulation of L(R) gravity
and ω = −3/2 Brans-Dicke theory and using this to show that energy-momentum
tensor is covariantly conserved in this type of modified gravity theory. As a final
remark, it is interesting to notice that in Ref.[3], after establishing the equivalence
between the metric formulation of 1/R gravity and ω = 0 Brans-Dicke theory, we
can find that metric formulation of 1/R gravity is inconsistent with current bound on
the Brans-Dicke parameter ω from measurements of the time delay using the Cassini
spacecraft: ω > 40, 000 [19]. Then whether the same conclusion holds here? The
answer is no: the bound on ω cannot be applied to ω = −3/2 Brans-Dicke theory.
This can be seen from Eq.(10). The Brans-Dicke field ϕ in ω = −3/2 Brans-Dicke
theory is not a propagating degree of freedom, so ω = −3/2 Brans-Dicke theory is
actually not a true scalar-tensor theory and thus bound on scalar-tensor theory cannot
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be applied to it. This can also be seen in the fact that the standard computation of the
PPN parameters of Brans-Dicke theory breaks down in the case of ω = −3/2 [20]. So
solar system experimental bound on PPN parameters cannot be applied to this case.
On the other hand, based on the discussion in Refs.[9, 10], we believe that ω = −3/2
Brans-Dicke theory is actually consistent with current solar system experiment.
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